The existence of infinitely many solutions for a Sturm-Liouville boundary value problem, under an appropriate oscillating behavior of the possibly discontinuous nonlinear term, is obtained. Several special cases and consequences are pointed out and some examples are presented. The technical approach is mainly based on a result of infinitely many critical points for locally Lipschitz functions.
Introduction
The aim of this paper is to establish infinitely many solutions for two-point boundary value problems with the nonlinear term possibly discontinuous. We immediately emphasize the following theorem which is a particular case of our main result Theorem 3.1 . Φ w tz − Φ w t .
2.2
The generalized gradient of the function Φ in x, denoted by ∂Φ x , is the set ∂Φ x : x * ∈ X * : x * , z ≤ Φ • x; z ∀z ∈ X .
2.3
We say that x ∈ X is a generalized critical point of Φ when
that clearly signifies 0 ∈ ∂Φ x . When a non-smooth functional, Ψ : X → − ∞, ∞ , is expressed as a sum of a locally Lipschitz function, Φ : X → R, and a convex, proper, and lower semicontinuous function, j : X → − ∞, ∞ , that is Ψ : Φ j, a generalized critical point of Ψ is every u ∈ X such that
for all v ∈ X see 10, Chapter 3 . Here, and in the sequel, X is a reflexive real Banach space, Φ : X → R is a sequentially weakly lower semicontinuous functional, Υ : X → R is a sequentially weakly upper semicontinuous functional, λ is a positive real parameter, j : X → − ∞, ∞ is a convex, proper and lower semicontinuous functional and D j is the effective dominion of j. Write Ψ : Υ − j, I λ : Φ − λΨ Φ − λΥ λj.
2.6
We also assume that Φ is coercive and
for all r > inf X Φ. Moreover, owing to 2.7 and provided r > inf X Φ, we can define ϕ r inf
2.8
Assuming also that Φ and Υ are locally Lipschitz functionals, we have the following result, which is a more precise version of 11, Theorem 1.1 see Remark 2.2 . Proof. Arguing as in the proof of 14, Theorem 3.1 we have a . More precisely, let 1/λ > ϕ r , then there is u ∈ D j such that Φ u < r and
Clearly,
Finally, put
Since, owing to 15, Corollary III.8 j is sequentially weakly lower semicontinuous, a simple computation shows that Ψ M is sequentially weakly upper semicontinuous. Put J Φ − λΨ M . Clearly J is a sequentially weakly lower semicontinuous functional and, as it is easy to see, it is also a coercive functional. Therefore see, e.g., 16, Theorem 1.2 , it admits a global minimum u 0 . If J u 0 J u , then u satisfies the conclusion. Otherwise, assume J u 0 < J u . In this case, we have that Ψ u 0 < M. In fact, from
r and, from 2.10 one has Ψ u 0 < M. Therefore,
− ∞, r . Hence, u 0 satisfies the conclusion.
Let us prove b . Pick λ ∈ 0, 1/γ and assume that b 1 is not true. We will show that when γ < ∞ and I λ does not posses a global minimum in X, then I λ admits a sequence of critical points. Let a ∈ R such that λ < a < 1/γ. From lim inf r → ∞ ϕ r < 1/a there exists a sequence {r n } such that lim n → ∞ r n ∞ and ϕ r n < 1/a for all n ∈ N. Put r n 1 r 1 . Owing to a , one can find u 1 ∈ Φ −1 − ∞, r n 1 such that u 1 is a local minimum for I λ . From our assumption, u 1 is not a global minimum for I λ . Therefore, there exists u 1 ∈ X such that I λ u 1 < I λ u 1 . Hence, u 1 / ∈ Φ −1 − ∞, r n 1 . Let r n 2 ∈ {r n } such that r n 2 > Φ u 1 . Again from a , there is u 2 ∈ Φ −1 − ∞, r n 2 such that u 2 is a local minimum for the functional I λ . Taking into account that u 2 is a global minimum in Φ −1 − ∞, r n 2 , we have that I λ u 2 ≤ I λ u 1 and I λ u 1 < I λ u 1 . Hence, Φ u 2 > r n 1 . Reasoning inductively we obtain a sequence {u k } of distinct critical points such that Φ u k 1 > r n k for all k ∈ N. Hence, b 2 holds.
Finally, we prove c . Fix λ ∈ 0, 1/δ and let u ∈ X such that Φ u inf X Φ. Assume that c 1 does not hold, that is u is not a local minimum for I λ . Consider a ∈ R such that λ < a < 1/δ. By our assumption, lim inf r → inf X Φ ϕ r δ < 1/a, hence there exists a decreasing sequence {r n } such that lim n → ∞ r n inf X Φ and ϕ r n < 1/a for all n ∈ N. Put r n 1 r 1 . Owing to a , there exists u 1 ∈ Φ −1 − ∞, r n 1 , which is a local minimum for I λ . Therefore,
− ∞, r n 2 which is a local minimum for the functional I λ , with Φ u < Φ u 2 < Φ u 1 . Reasoning inductively we obtain a sequence {u k } of distinct local minima for
− ∞, r n 1 and Φ is coercive, then it is bounded. Since X is reflexive, taking a subsequence if necessary, {u k } weakly converges to u * ∈ X. From the weak sequential lower semicontinuity, one has Φ u
Hence, the conclusion is obtained.
Remark 2.2.
We explicitly observe that the proof here outlined is different from that proposed by Marano and Motreanu in 11 . Further we do not use the weak closure of the sub-levels Φ −1 − ∞, r , for r > inf X Φ.
Sturm-Liouville Boundary Value Problem
Consider the Sturm-Liouville boundary value problem 
Let W 1,2 0, 1 be the Sobolev space endowed with the usual norm
As is customary, we denote by W 
3.5
We recall that u ∈ AC 0, 1 is a generalized solution of G
if pu ∈ AC 0, 1 , u 0 u 1 and
for almost every x ∈ 0, 1 . Clearly, the weak solutions of G p,q f,λ are also generalized solutions.
If f and q are continuous functions we recall that u ∈
for every x ∈ 0, 1 . We recall that 
where
for every ξ ∈ R. By standard arguments, one has that Φ is Gâteaux differentiable and sequentially weakly lower semicontinuous. Moreover, the Gâteaux derivative is the functional Φ u ∈ W 1,2 0 0, 1 * given by 
3.16
Our main result is the following theorem. f t dt for every ξ ∈ R and assume that
where κ is given by 3.14 ;
iii for almost every x ∈ 0, 1 , for each z ∈ D f and for each λ ∈ λ 1 , λ 2 (where λ 1 , λ 2 are given by 3.16 ) the condition
implies λf z q x z.
Then, for each λ ∈ λ 1 , λ 2 , the problem G For each u ∈ X, put
3.20
Clearly, Φ is sequentially weakly lower semicontinuous and coercive, Υ is, in particular, sequentially weakly upper semicontinuous; moreover, they are locally Lipschitz functions and one has I
Now, let {c n } be a real sequence such that lim n → ∞ c n ∞ and
A.
3.21
Put r n 2p 0 c 2 n for all n ∈ N. Taking 3.10 into account, one has max t∈ 0,1 |v t | ≤ c n for all v ∈ X such that v 2 < 2r n . Hence, taking also into account that the function u 0 t 0 for all t ∈ 0, 1 is such that u 0 2 0 < 2r n for all n ∈ N one has ϕ r n inf
3.22
Therefore, since from assumption ii one has A < ∞, we obtain
Now we claim that the functional I λ is unbounded from below. Let {d n } be a real sequence such that lim n → ∞ d n ∞ and
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Boundary Value Problems For all n ∈ N define w n x :
3.25
Clearly, w n ∈ X and
Therefore,
3.27
Taking i into account, we have
Then,
for all n ∈ N. Now, if B < ∞, we fix ε ∈ 8/λB q ∞ /12 p ∞ , 1 . From 3.24 there exists ν ε ∈ N such that
for all n > ν ε . Therefore,
for all n > ν ε . From the choice of ε, one has lim n → ∞ Φ w n − λΥ w n −∞.
3.32
On the other hand, if B ∞, we fix M > 8/λ q ∞ /12 p ∞ and, again from 3.24 there exists ν M ∈ N such that
for all n > ν M . Therefore,
for all n > ν M . From the choice of M, also in this case, one has lim n → ∞ Φ w n − λΥ w n −∞.
3.35
Hence, our claim is proved. Since all assumptions of Theorem 2.1 b are verified, the functional I λ admits a sequence {u n } of generalized critical points such that lim n → ∞ u n ∞, that is {u n } is unbounded in X. Now, we claim that the generalized critical points of I λ are weak solutions for the problem G p,q f,λ . To this end, let u 0 ∈ X a generalized critical point of I λ , that is I
• λ u 0 , v ≥ 0, for all v ∈ X. From which, we obtain
for all v ∈ X. Clearly, setting
L is a continuous and linear functional on X, for which 3.37 signifies 
for almost every x ∈ 0, 1 . Now, since m D f 0, from 18, Lemma 1 we obtain − p x u 0 x 0 for almost every x ∈ u 
3.43
Hence, our claim is proved and the assertion follows.
Remark 3.2.
If q x 0 for all x ∈ 0, 1 assumption iii becomes iii for each z ∈ D f , the condition
If z ∈ D f is such that 0 ∈ f − z , f z and f z 0, then iii is verified. Otherwise, if z ∈ D f and there is a neighborhood V of z and a positive constant m > 0 such that either f t > m for almost every t ∈ V , or f t < −m for almost every t ∈ V , then iii is verified. In
If q is a nonzero function, z ∈ D f and λ ∈ λ 1 , λ 2 , iii is verified, e.g., when there is a neighborhood V of z and a positive constant m > 0 such that either f t > q ∞ /λ z m for almost every t ∈ V , or f t < q 0 /λ z − m for almost every t ∈ V . In particular, whenever λ 1 > 0 and one has f z > q ∞ /λ 1 z m for some m > 0, then iii is verified.
Finally, since a function u ∈ W 1,2 0 0, 1 such that
for almost every x ∈ 0, 1 is called multi-valued solution for G p,q f,λ see 9 , we explicitly observe that, without assuming condition iii , the same proof of Theorem 3.1 ensures a sequence of pairwise distinct multi-valued solutions to problem G p,q f,λ .
Remark 3.3. The following condition
ii there exist two real sequences {b n }, {c n }, with b n < p 0 /2 q ∞ /12 p ∞ c n for all n ∈ N and lim n → ∞ c n ∞, such that
is more general than condition ii of Theorem 3.1. In fact, from ii we obtain ii , by choosing b n 0 for all n ∈ N. Assuming in Theorem 3.1 condition ii instead of condition ii , for each λ ∈ λ 1 , 1/A 1 the conclusion in Theorem 3.1 again holds. In fact, arguing as in the proof of 
3.47
Among the consequences of Theorem 3.1 we point out the following results. 
3.48
Then, for each λ ∈ λ 1 , λ 2 , problem G 
3.52
Theorem 3.9. Let f : R → R be a locally essentially bounded and almost everywhere continuous function. Assume that
jjj for almost every x ∈ 0, 1 , each z ∈ D f and each λ ∈ λ * 1 , λ * 2 (where λ * 1 , λ * 2 are given by 3.52 ), the condition
implies λf z q x z. Clearly, from Theorem 3.9 we obtain similar consequences to those of Theorem 3.1. Here, we present only one of them. 
